The control of collective excitations and collision between them provides a forefront for understanding non-equlibrium many-body dynamics. Ultracold atomic gases with a tunability are excellent for conducting such a new quantum control [1][2][3]. Previous experiments were performed mostly in anisotropic traps due to technical challenges [4][5][6][7][8][9]. Consequently, the energy spectra of excitation modes are densely distributed with less or no well-defined symmetry, which makes it difficult to accurately manipulate coherent excitations. Here we produce a spherical Rb Bose-Einstein condensate (BEC) in an optical dipole trap and observe the phonon parametric down-conversion (PPDC). The conversion process shows that a high-energy mode is coupled to a low-energy mode with a half eigen-frequency [10, 11] . The spherical symmetry, which is crucial for observing the PPDC, is experimentally verified by measuring the collective modes and expansion behaviors of the condensate.
The study of elementary excitations is an important task of quantum many-body theories. In the case of Bose fluids, in particular, it plays a crucial role in the understanding of the properties of superfluid liquid helium and was the subject of pioneering works by Landau, Bogoliubov, and Feynman [12] [13] [14] . There has been an intensive study of the excitations in quantum Bose and Fermi gases [4] [5] [6] [7] [8] [9] . But all the previous researches are limited to the anisotropic trap due to technical challenge, where the angular momentum is not a good quantum number and different excitations are not well separated from each other due to the breaking of the SO(3) rotational symmetry. The dense excitation spectra make the accurate control of collective modes as well as comparison between theory and experiment difficult. Recently Lobster et al. studied the low-lying excitations of a high-temperature Bose gases in a spherical magnetic trap, where the quantum fluctuation is unimportant [15, 16] . The study and control of elementary excitations of an isotropic pure quantum gas is still lacked.
In this letter, we produce a spherical Rb BEC in an optical dipole trap. We find that the monopole mode can be produced through coupling with a high-energy mode with a twice eigen-frequency, in a manner analogous to the parametric down-conversion of light in a nonlinear media [11] . This process can be called the phonon parametric down-conversion (PPDC). The underling mechanism of the PPDC is the collisions between phonons. The well-defined symmetries of the Bogoliubov modes of a spherical BEC prevent a lot of uncontrollable coupling by the conservation laws, which makes the observation of a high-order PDC process possible. The unique properties of the spherical condensate: the expansion behaviors predicted by analytical theory, and the eigen-frequencies and decaying rates of the collective modes predicted by the Bogoliubov perturbation theory, are all experimentally verified.
Parametric down-conversion (PDC) of photons in nonlinear crystal has been widely used to produce highqualified correlated photon pairs in quantum techniques [11] , while the lack of strong interaction between photons limits the proliferation of entanglement. By contrast, our discovery provide a possibility for the application of phonons, whose interaction can be tuned by using a magnetic field or optical field, in future quantum techniques. It is worth noting that the PPDC observed here originates from the high-order expansion of the inter-particle interaction. While seeming available in predicting the parametric up-conversion, the mean-field theory is qualitatively incorrect in describing the PPDC process [17] . Our reported observation therefore opens the challenge in related theoretical study to advance beyond mean-field theory.
We produce a spherical 87 Rb BEC in an optical dipole trap in which the trapping frequencies along the x, y, z−directions are the same. The experimental setup is shown in Fig.1(a) . The spherical trap is composed of the dipole trap and the gravity. We produce a pure spherical 87 Rb BEC by accurately adjusting the relative position and intensity of the two beams in the last stage of the evaporation cooling. By measuring the oscillation of the center of the mass (COM) of the atomic cloud in the trap, we get the trapping frequencies: ω x = 2π × 76.7 Hz, ω y = 2π × 76.5 Hz, ω z = 2π × 79.4 Hz. So the mean trapping frequencyω = (ω x + ω y + ω z ) /3 = 2π × 77.5 Hz which is much larger than that in the reference [15] . The tight confinement here is favorite to produce a pure Bose condensate and obtain experimental data with a high signal-to-noise ratio. The asphericity A = (ω max − ω min )/ω ≈ 3.7%, where ω max , ω min are the maximum and minimum trapping frequencies along three directions, respectively. It is required that the position stability of the dipole beam should be better than 3 µm to maintain the BEC a good spherical shape (see Supplementary Information). The atoms stay in the spin state |F, m F >= |1, −1 >. The atomic temperature is 80 (10) nK from analyzing the free expansion of the small fraction of the thermal gases co-existing with the condensate, and the atom number of BEC is 1.2(1) × 10 5 . The aspect ratio η(t) of the condensate during the free expansion is probed in Fig.1(b) by suddenly switching off the optical trap. For the images probed along the horizontal direction, η(t) = R xy (t)/R z (t) where R xy (t) and R z (t) are the Thomas-Fermi radius in the horizontal and vertical directions, respectively. For the images probed from the vertical direction, η(t) = R x (t)/R y (t) where R x (t) and R y (t) are the Thomas-Fermi radius in the x and y directions, respectively. η(t) remains unity during the free expansion, which indicates the unique isotropic expansion for a spherical BEC. The free expansion of an anisotropic BEC is anisotropic, in which the aspect ratio η(t) approaches an asymptotic value dependent on the ratio of the trapping frequencies [3, 18, 19] .
Analytically solving the expansion of an anisotropic BEC is difficult because it needs to solve three or two coupled second-order differential equations [3, 20, 21] . While the free expansion of a spherical BEC can be analytically solved because it only needs to solve one second-order differential equation
where τ = ω 0 t with the trapping frequency ω 0 , λ(t) = R(t)/R(0), where R(0) is the initial Thomas-Fermi radius of the BEC in the trap and can be calculated with the atomic number and the trapping frequency. Γ(·) is the Gamma function, and 2 F 1 (·) is the hypergeometric function. Due to the limited resolution of our imaging system (∆r ≈ 7.6 µm) [22] , we only show the experimental data for expansion time larger than 7 ms in the Fig.1(c) . Experimental results with three atomic numbers all have good agreements with the theoretical calculation of Eq.
(1).
Collective excitations are the crucial elements of low energy quantum dynamics and response functions in interacting many-body systems. We will study two elementary collective modes, the monopole and quadrupole mode. In an anisotropic trap, these two modes cou-ple each other even under the zero-order approximation. Consequently, only the coupled and less-symmetric modes can be experimentally accessible [4] [5] [6] [7] [8] [9] . In a spherical trap, the two modes are decoupled and we can study each specific mode individually. While the frequencies of these two modes are close, a specific mode can be selectively excited according to its symmetry. The modulation lasts ten periods and then the condensate is probed for different waiting time in the trap, using the absorptionimaging method with a time of flight (TOF) of 28 ms.
We first excite the quadrupole mode by modulating the intensity of the beam along the x direction with a frequency of about √ 2ω 0 . As shown in Fig.2(a) , the condensate is compressed and decompressed simultaneously in y and z directions, and then it oscillates out of phase between the y − z plane and the x direction. The modulation amplitude δω y0 /ω y0 along y direction is about 12%. We show atom clouds probed for five different waiting time in the trap on the upper row of Fig.2 
(b).
We consider images probed from the vertical direction and analyze the relative changes between x and y directions. The condensate size can be extracted by fitting the atomic image with a Thomas-Fermi distribution. We define a parameter B = R 2 x − R 2 y to quantitatively describe the quadrupole mode, where R i (i = x, y) is the ThomasFermi radius of the condensate. As shown in Fig.2(b) , the experimental data are fitted using the damped sinusoidal function B 0 + δB exp(−t/t 0 ) sin(ω Q t). From the fitting, ω Q = 2π × 111.21(32) Hz = 1.435(4)ω 0 , which is consistent with the value √ 2ω 0 calculated for the spherical Bose condensate [23] . The lifetime of the quadrupole mode is t 0 = 58.2(66) ms, which is also consistent to the calculation for the spherical condensate (see Methods). The statistics errors come from the uncertainty in the fitting process.
Then we excite the monopole mode with a spherical symmetry by simultaneously modulating the intensities of the two trapping beams. When the driving frequency ω p equals to the eigen-frequency of the monopole mode, the atom loss is serious due to the deformation of the trapping potential (see Supplementary Information). While we surprisingly find the monopole mode can only be excited when the driving frequency ω p is about twice of the eigen-frequency. As shown in Fig.2(c) , the variations of the two beams are accurately balanced so that the condensate keeps nearly a sphere when oscillating in the trap. The modulation amplitude δω 0 /ω 0 is about 10%, where δω 0 is the variation of the trapping frequency during the modulation. The condensate is compressed and decompressed simultaneously in x, y and z directions, and then it oscillates in phase in three directions after the modulation being stopped. The upper row of the Fig.2(d) shows atom clouds for five different waiting time in the trap. We define an effective width A = R 2 x + R 2 y + R 2 z to quantitatively study the monopole oscillation. As shown in Fig.2(d) , we numerically fit the experimental data using a damped sinusoidal function A 0 + δA exp(−t/t 0 ) sin(ω M t). From the fitting, ω M = 2π × 176.93(31) Hz = 2.283(4)ω 0 , which is consistent with the value √ 5ω 0 calculated for the spherical Bose condensate [23] . The lifetime of the monopole mode is t 0 = 104.4(57) ms, which is also consistent to the calculation for the spherical condensate (see Methods).
Here the driving frequency ω p ≈ 2π × 340 Hz is about twice the eigen-frequency of the monopole mode and nearly resonant with the mode (n, l) = (2, 1). The coupling mechanism between mode (n, l) = (2, 1) and monopole mode can be explained as PPDC in Fig. 3(a) . For convenience, we call the monopole as mode 1, the mode (n, l) = (2, 1) as mode 2 and the stationary Bose condensate as mode 0. Expanding the interaction term up to the second-order with respect to the fluctuation above the ground state is the central idea to calculate collective modes in the Bogoliubov theory. The thirdorder expansion gives rise to the coupling between the collective modes. In an ideal spherical trapping potential, parity symmetry forbids the coupling of mode (2, 1) to the monopole mode. While here the gravitational force makes the isotropic potential slightly deformed and develops an odd parity in the z-direction. The first-order term is absorbed by the shift of the trap center, then we only consider the third-order deformation V = λz 3 of the trap. The deformation is weak and a perturbation analysis is applicable. The coefficient characterizing the probability of the down-conversion process is given by [17, 24] 
where
with c ν = drψ 0 u ν ≈ − drψ 0 υ ν is the orthogonalized collective mode wave function with respect to the ground-state wave function. The prime denotes the normalized perturbed wave functions. The PPDC process is described by the Lagrangian
1b 2 e −i∆t )/2,
annihilates (creates) a phonon of mode j, κ = |N gM 12 / | is the coupling coefficient and ∆ = (ω 2 − 2ω 1 ) with the perturbed eigen-frequency ω j (see Supplementary Information) [17] . In our experiment, λ ≈ 0.0175a
H , ∆ ≈ 0.2ω = 2π × 15.50 Hz and κ ≈ 0.90ω = 2π × 69.75 Hz. The effective coupling strength for the PPDC process can be estimated as ξ = |β 2 κ| 2 /∆ ≈ 3.98|β 2 | 2 ω = 2π × 308.45|β 2 | 2 , where β 2 = b 2 is the mean-field probability amplitude of mode 2. The non-zero M 12 indicates the parametric downconversion is permissible by symmetry in our experiment.
Since modes 1 and 2 can couple back and forth and the total energy is conserved, the two modes can be considered as an effective mode f . The atom population transferred from the ground state 0 to state f is proportional to the total excitation energy in the driving process. The width of the population distribution with respect to the driving frequency is proportional to the effective damping rate γ f of state f . We find the total excitation energy finally completely flows to mode 1 through the PPDC process, such that we can experimentally measure the width by probing the monopole oscillation amplitude in the long time limit. If other damping processes are neglected, γ f should be in the range [γ 1 , γ 2 ], where γ 1 and γ 2 are the Landau damping rates of mode 1 and mode 2, respectively. As shown in Fig. 3(b) , the observed distribution of the amplitude of the monopole mode well supports the above picture. The amplitude of the monopole mode is very sensitive on the driving frequency and becomes maximum only when the mode (2,1) is resonantly excited. This demonstrates that the oscillation of the monopole mode originates from the mode (2,1) through the PDC process. Unlike the PDC of photons, where a pump phonon (Ω p ) is split as a signal photon (Ω s ) and an idle photon (Ω i ) via the optical nonlinear coupling (in general, the maximum conversion possibility locates at Ω s = Ω i ), one high-frequency phonon (mode 2) is split as two low-frequency phonons (mode 1) by colliding with the ground-state atoms (mode 0) (see Fig. 3(a) ).
In Fig. 4 , we directly observe the parametric downconversion from the mode (2,1) to the monopole mode during the mode-excitation process. Here we modulate the dipole trap for different time and then probe the position and width of the condensate without waiting time in the trap. For mode (2,1), only the center-ofmass of the atomic cloud oscillates while the size does not change (see Supplementary Information) . This facilitate directly probing the two modes individually. In our trapping configuration comprising of an optical dipole trap and gravity, changing the trapping frequency simultaneously excites the center-of-mass motion along the z direction. This corresponds to the mode (n = 2, l = 1, m = 0) with the eigen frequency of √ 19ω 0 . The oscillation of the center of mass along the z direction is shown in Fig. 4(a) . We use a double-sine function ,1) is about twice that of the dipole mode. This is reasonable because we resonantly excite the mode (2,1) while the dipole mode is excited with a far detuning. We also simultaneously probe the atomic size in Fig. 4(d) . The atomic widths in x, y and z directions change without a constant phase for a short driving time, but start to oscillate in phase when the driving time is longer than 21 ms. This is the signal that the monopole mode is produced after certain time. We fit the effective width A = R 2 x + R 2 y + R 2 z with a sinusoidal function and obtain the oscillation frequency ω = 2π × 170.13(173) Hz ≈ 2.20(2)ω 0 , which is very close to the eigen frequency √ 5ω 0 of the monopole mode. While the nonlinear coupling between collective modes has been reported in an anisotropic BEC [25, 26] , the possibility that the observed phenomenon is a PDC process has been excluded later [17] . More precisely, considering the enhancement of the trapping potential, the PPDC observed here resembles more like the cavity-enhanced PDC [27] than that in free space. The observed Beliaev damping in the homogenous limit [28] is substantially dif- ferent from the PPDC observed here. On one hand, the modes participating in the PPDC are all the eigen-modes of the interacting Hamiltonian with a long lifetime. The modes involved in the Beliaev damping is the Fourier plane waves that are not the eigenstates of the Bogoliubov Hamiltonian. On the other hand, unlike the PPDC process observed here, the Beliaev damping is inherently irreversible due to the continuous spectrum. Our study is a pioneering work for the state control of the collective excitation, which is expected to stimulate further experimental and theoretical studies in understanding nonequlibrium many-body dynamics.
Methods
Forming spherical condensate. To form a spherical trap, we use the combination of the optical dipole trap and the gravity. The setup is the improvement of our previous experiment [29] . As shown in Fig.1(a) , the two dipole beams propagate along x and y directions and the gravity is in the −z direction. The combined trap is given by
If neglecting the gravity term in the Eq. (3), it should satisfy the condition w = 1 to form a spherical BEC should. w 1x and w 1z are the waists of the laser beam along the y direction, and w 2y and w 2z for the beam along the x direction. In the experiment, it is scarcely possible to accurately match a specific relation by modulating the relative shapes of beams. Fortunately, the gravity force can soften this strict condition. Considering the gravity force in Eq. (3), the condition will change to U 1 /w 2 1x = U 2 /w 2 2y , where U 1 and U 2 are the peak potentials of the two beams, respectively. In this case, we can accurately adjust the relative intensities of the two beams to form a spherical BEC. In our experiment, w 1x ≈ w 2y ≈ 65 µm and w 1z ≈ w 2z ≈ 68 µm. Forming a good spherical BEC requires that the positions of two dipole beams can be adjusted with a high accuracy and stability. We use the combination of one AOM and one PZT-driven mirror to adjust the position of one dipole beam. The position accuracy and stability can reach 3 µm. We always calibrate the trapping frequencies to keep the asphericity A < 5% when measuring collective modes. Driving mode (n = 2, l = 1) without destroying the spherical symmetry. In order to drive mode (n = 2, l = 1) without destroying the spherical symmetry, we simultaneously modulate the intensities of the two trapping beams, i.e. I i (t) = I i0 + δI i0 sin ω p t (i = 1, 2). The modulation frequency of the two beams is about √ 19ω 0 which is the eigen frequency of mode (n = 2, l = 1). I i0 is the initial optical intensity. The variations δI i0 (i=1, 2) of the two beams are accurately balanced so that the condensate remains nearly a sphere when oscillating in the trap. In our trapping configuration, the potential minimum along the z direction is given by z 0 = mg 4(U1/w 2 1z +U2/w 2 2z )
. Changing the optical intensities excites the center of mass along the z direction, such that the mode (n = 2, l = 1, m = 0) is excited. Probing atoms. The population in the spin state |F, m F >= |1, −1 > is pumped to the spin state |F >= |2 > before being resonantly probed with a TOF of 28 ms. The atoms are simultaneously probed in vertical and horizontal directions, respectively, to get the widths along three directions. The probe light has a weak power of 50 µW and a short pulse of 50 µs. In this case the probing in one direction has negligible effect on the probing in the other direction. Calculating the Landau damping rate. Landau damping, in which low-energy collective mode is absorbed in the transition between thermal excitations, is dominant at finite temperature [30, 31] . We calculate the Landau damping of the collective modes based on the perturbation theory developed by Pitaevskii et al. [30, 32, 33] . Accordingly the damping rate is calculated with the expression,
is the thermal occupation of mode ν = i, k with the temperature T and Boltzmann constant k B , Ω osc is the eigenfrequency of the oscillation mode, ω ik = ω i − ω k is the frequency difference, and δ(.) is the Dirac function. Here
is the transition amplitude of a specific damping channel, where g is the interaction strength,
T are the wave functions of the zero-energy Nambu-Goldstone mode and the ν-th collective mode, respectively (see Supplementary Information). The lifetime of the collective mode is given by τ = 1/γ. In general, due to the uncertainties like the imperfection of the trapping potential and the finite lifetime of the collective mode, the energy level has a finite width. We need to replace the δ-function with a Lorentz distribution with the width ∆, i.e. δ(
In fact, γ is unsensitive with ∆ when it is far larger than the average level space and smaller than Ω osc . The calculated lifetime for the monopole and quadrupole modes are about 111.9 ms and 49.3 ms, respectively, which show good agreement with the experimental measurements.
SUPPLEMENTARY INFORMATION Manipulating the optical dipole trap
Forming a good spherical BEC requires that the positions of two dipole beams can be adjusted with a high accuracy and stability. We use the combination of one acousto-optic modulator (AOM) and one PZT-driven mirror to adjust the position of one dipole beam as shown in Fig. S 5 . The temperature shift of the AOM has a big effect on the beam spatial stability. To solve this problem, we use a flipped mirror to reflect away the dipole beam during the laser cooling and evaporation cooling in the magnetic trap, and then open the optical dipole beam for loading atoms. The AOM is only switched off for about 100 ms in which we probe atoms with a time of flight. In this way the AOM keeps working for most time in the experimental period of about 40 seconds and the temperature change is less than 0. As mentioned in the main text, the gravity force helps us in forming a spherical Bose-Einstein condensate (BEC). But on the other hand, it will tilt the potential along the −z direction as shown in Fig. S 6 (a) . In the driving process with spherical symmetry, atoms have a tendency to escape from the trap along the −z direction. We find that there is no atom loss with small modulation amplitude δω 0 /ω 0 < 5%, while the monopole mode couldn't be observed when δω 0 /ω 0 < 8%. In the experiment, we choose δω 0 /ω 0 = 10%, and in this condition the atom loss versus the modulation frequency is shown in Fig. S 6 (b) . It is shown that the atom loss is serious when the modulation frequency equals to the eigen frequency of the monopole mode.
We numerically simulate the dynamics of the BEC with a non-interacting Hamiltonian for simplicity:
α = 10% is the modulation amplitude. Both the numerical simulation and experimental results show that the atom loss is big for slow modulation and small for fast modulation. When the modulation frequency ω p ≥ 3ω 0 , the remained atom number roughly equals to the initial value. We finally observe the PPDC when ω p ≈ 2π × 340 Hz = 4.39ω 0 , where the atoms loss is negligibly small. The Hamiltonian of our system can be written as
whereψ is the field operator of the bosons, V (r) = 1 2 mω 2 r 2 is the trapping potential with the trapping frequency ω and g = 4π
2 a s /m with the scattering length a s is the interaction coefficient. In our experiment, ω ≈ 2π × 77.5 Hz and the characteristic length of the trapping potential a H = /mω ≈ 1.24µm. Obviously, this Hamiltonian possesses the SO(3) rotation symmetry and U (1) gauge symmetry.
The dynamics of the BEC can be described by the Gross-Pitaevskii (GP) equation [1] [2] [3] 
where ψ = ψ is the condensate wave function. In order to find the collective modes of the BEC, we rewrite ψ as
where ψ 0 is the ground-state wave function, µ the chemical potential, u j and υ j the "particle" and "hole" components with eigen-frequency ±ω j respectively of the Bogoliubov transformations. Substituting Eq. (8) into Eq. (7), we derive the Bogoliubov-de Gennes (BdG) equation
Here the ground-state wave function ψ 0 and the chemical potential µ are determined by the stationary GP equation
and the particle number equation
where N 0 is the ground-state particle number. Under the parameters of our experiment, since the coefficient reflecting the ratio between the interaction energy and the kinetic energy N 0 a s /a H ≈ 560 1, the Thomas-Fermi approximation is applicable,
Since Hamiltonian (6) possesses the rotation symmetry, Eq. (9) can be divided into independent sectors denoted by the angular momentum quantum number (l, m), where l = 0, 1, 2, ... and m = −l, −l − 1, ...l are the quantum numbers arising from the total angular momentum and the z-component of the angular momentum respectively. Under the spherical coordinate system r = (r, θ, φ), we expand (u j , υ j ) as
where Y lm (θ, φ) is the spherical harmonic wave function. Substituting Eq. (12) into Eq. (9) and integrating the two sides with
The above equation is solved numerically. Since the transforma- (9), one can get the wave functions of the "hole" component by looking at the wave function of the "particle" component. For convenience, we sort the non-negative eigen-energy from small to large and denote it with integer j from 0 to infinity for each sector (l, m). The lowest excited collective mode with spherical symmetry, mode (n, l) = (1, 0), is called monopole mode, while the lowest excited mode with l = 1, mode (0, 1) and that with l = 2, mode (0, 2), are respectively called dipole mode and quadrupole mode.
For convenience, we use the Dirac brackets |ψ j with the eigen-energy E j to denote the j-th zero-order collective mode (i.e. r|ψ j = ( u j υ j )
T , E j = ω j ). The zero-energy Goldstone mode (ψ 0 , −ψ * 0 ) † is denoted with |ψ 0 . The orthogonality of the collective modes can be given by
According to the Riesz-Schauder theory, the subspace expanded by |ψ 0 is incomplete [4, 5] . To construct a complete eigenspace, one need to introduce the complementary mode r|φ 0 = ( φ 0 (r) φ * 0 (r) ) T through the equation [6] [7] [8] [9] σL 0 |φ 0 = α|ψ 0 ,
where the zero-order Bogoliubov Hamiltonian,
Here the constant α is selected to make
The completeness of the eigenspace is given by [6] [7] [8] [9] 
where I is the unit operator.
The monopole mode (1,0) and the collective mode (2,1) of a spherical condensate
In the above section, we analyze the collective modes in a statistic system. If the system is perturbed by some time-dependent modulation, the collective modes may be excited and the BEC will oscillate with the frequencies of the collective modes. We can measure the oscillation with some observables like the width or the center-of-mass position of the BEC. The corresponding relation between the oscillation forms and excited modes will be discussed in this subsection.
Generally, the oscillating BEC can be described by the normalized wave function ψ (r, t) = e 
where the coefficients satisfy |b 0 (t)| 2 + j |b j (t)| 2 = N . When the excited atom number j |b j (t)| 2 is small, the expectation of any observableÂ can be expanded as Â (t) = |b 0 (t)| 2 Â 0 + 2b 0 (t) |b j (t)| ωj >0
Â 0j cos (ω j t + θ) ,
where Â 0 = drψ * 0 (r)Âψ 0 (r), Â 0j = drψ * 0 (r)Â u j (r) + υ * j (r) , and θ is a relative phase. For the monopole mode j → (n, l) = (1, 0), due to the rotational symmetry of both the ground state and the monopole mode, x 2 0j = y 2 0j = z 2 0j and x 0j = y 0j = z 0j = 0. In general, the variation speeds of the coefficients b 0 (t) and b j (t) are far slower than cos(ω j t). Hence, the excitation of the momopole mode will lead to the periodic oscillation of the BEC width with a frequency ω mon ≈ √ 5ω. While for the mode j → (n, l, m) = (2, 1, 0), x 
Perturbation of gravity potential
Gravity potential will make the isotropic potential deform and develop odd parity in the z-direction. The oddparity component of the total potential δV = λz 3 will couple the monopole mode with the mode (n, l) = (2, 1) through processes like the parametric-down conversion of photons in quantum optics. Since the deformation is weak, a perturbation analysis is applicable.
At first, the deformation will change the ground-state wave function and the chemical potential. Under the ThomasFermi approximation [10] , the new ground-state wave function ψ 0 and chemical potential µ satisfy the equations g|ψ 0 | 2 = µ − V (r) and dr|ψ 0 | 2 = N 0 , where V = V (r) + δV (r). Our purpose is to derive the perturbation of the collective-mode wave functions. Since the new ground-state wave function ψ 0 can be gauged to be real and positive, the total perturbation term for L 0 can be written as δL 0 ≈ (δµ − δV )( 1 1 ) T ( 1 1 ) when (µ − V (r)) > 0 and δL 0 ≈ −(δµ − δV )I 2 elsewhere. Here δµ = µ − µ and I 2 is the two by two identity matrix. The perturbation expansion of the BdG Eq. (16) can be written as
where |ψ 
